For a number of countries-Italy, Netherlands, the United Kingdom, Germany, Ireland, and France-this paper develops an inter-temporal model that elicits the implied countrypreferences over balancing the conflicting objectives of fiscal consolidation and reduction of economic slack. The model suggests that some front-loading of adjustment is desirable, although the extent would vary by country preferences. It also finds that proposed consolidations may prove to be stronger than acceptable, especially if somewhat larger than anticipated fiscal multipliers lead to a sizeable economic deceleration. JEL Classification Numbers: E62,H68
I. INTRODUCTION
This paper develops a tractable inter-temporal model that elicits the implied countrypreferences over balancing the conflicting objectives of fiscal consolidation and reduction of the slack in the economy in a selection of European countries. Given country preferences and starting points, the model then predicts the most advantageous pace of fiscal adjustment needed to close fiscal sustainability gaps. The first part of the paper examines the issues related to the calculation of sustainability gaps, and then goes on to calculate sustainability gaps for the selected countries. The second part develops a model incorporating quadratic preferences of the authorities and laws governing the evolution of sustainability gaps and output gaps over time. The rationale here is that country authorities would prefer that both output and sustainability gaps be zero, but that action to reduce one gap typically comes at the expense of widening the other gap. Thus these two objectives must be balanced over time, given authorities' preferences and various features of the economy which are expounded on below.
A country's fiscal position can be measured in a variety of ways, with each having its strengths and weaknesses. Typically, a more theoretically satisfactory measurement of the fiscal position comes at the cost of requiring better quality data and greater institutional capacity for successful use. The most commonly used measures are the headline fiscal balance, public gross or net debt-GDP ratio, the structural or cyclically adjusted fiscal balance, the structural primary balance, and the fiscal sustainability gap. A key determinant of the degree of usage is the difficulty of measurement. Virtually all countries calculate the headline fiscal balance, but many countries with institutional capacity limitations do not attempt the calculation of the cyclically adjusted balances, as these require reasonably accurate estimation of potential output and various elasticities that determine the impact of output gaps on the headline balance. Nevertheless, it is also clear that structural balancesproperly calculated-give a more satisfactory indication of the fiscal position of a country, as output gaps obscure the true underlying fiscal position expected to obtain over the medium to long run. In a similar vein, sustainability gaps provide a more satisfactory measure of the fiscal position than structural balances, but generally require greater institutional capacity and resources to implement successfully, as they require long run projections of the evolution of the economy.
The concept of fiscal sustainability is the most satisfactory basis for measuring the fiscal health of a country. It poses the following question: if the authorities decide to take no further fiscal measures from now onward, can they maintain that posture over the long run? If they can do so, then the fiscal position is considered sustainable (and the sustainability gap is then zero). However, in most countries this is not the case, and protracted inaction then typically leads to a situation where the debt-GDP ratio rises continuously without bound, implying that interest payments take an ever increasing share of government expenditure. This crowds out non-interest spending and increases the difficulties associated with financing the debt until the government is forced to take drastic action to restore sustainability. The measurement of sustainability gaps thus informs policymakers about the amount of measures needed to get to the point of sustainability. Since this is inherently a forward looking exercise, most of the measurement issues one has to deal with to estimate sustainability gaps have to do with projecting the likely evolution of the economy and key fiscal variables over the long run. This then provides the basis to project the likely evolution of the headline balance and public debt, and thus the means to answer whether debt grows without bound over the long run under current policies.
Reflecting these considerations, and the central need to ensure healthy fiscal policies in the European Monetary Union (EMU), the European Commission (EC) has been at the forefront of pushing for the widespread calculation and use of fiscal sustainability gaps. Indeed, it is now customary for all EU countries to calculate fiscal sustainability gaps, in coordination with the EC, every few years, with the last such exercise conducted in 2009 (EC 2009a and 2009b) . The practical experience gained has helped refine the exercise into a credible coherent one that takes into account all the major changes expected over the long runparticularly population aging-and identifies the scale of fiscal effort needed in each country to achieve sustainability.
The analysis in the EC's sustainability exercise forms the point of departure for our analysis. We focus on only six countries rather than all 27 countries in the EU, and first update the estimates of sustainability gaps for those countries. This is done to give a view of the degree of damage done to fiscal health from the global crisis, and therefore the scale of adjustment effort these countries now face. We then develop a model of the authorities' problem, and elicit country preferences by comparing model-predicted consolidation paths to the nearterm adjustment paths announced by these countries. This then gives insights on the implications for the timing and overall scale of efforts needed to achieve sustainability. We then finally do a sensitivity test to see how adjustment paths should change if the value used in the calibration of the fiscal multiplier turns moderately higher.
II. ESTIMATING THE FISCAL SUSTAINABILITY GAP
Consistent with the approach used to calculate the S2 sustainability indicator in the EC's sustainability reports, a country is considered to be running a sustainable fiscal policy if it satisfies the general government inter-temporal budget constraint. This constraint is derived from the equation defining the evolution of public debt as follows:
Where , t B , r and , t P represent the debt stock at the beginning of period t, the discount rate, and the primary surplus in period t, respectively. Dividing equation (1) by GDP gives the following equation:
Where t b and t p represent the debt to GDP ratio at the beginning of period t and the primary surplus to GDP ratio in period t, respectively, and g represents the growth rate of GDP, assumed to be constant for algebraic simplicity. Solving equation (2) forward and imposing the no-Ponzi-scheme condition yields the government inter-temporal budget constraint:
Thus, essentially, for a government to satisfy its inter-temporal budget constraint it must run future primary surpluses of sufficient size in present value terms to pay off the initial stock of debt. This is required so that over the long run the government can meet all its obligations. Otherwise, at some point it will become clear that the government cannot meet all its obligations, which will prompt investors to refuse to buy its debt and thus force drastic changes to fiscal policy.
For any given structural primary fiscal balance, and given the outlook for growth and the impact of other expected exogenous changes such as demographic change and depletion of natural resources, a "passive" path for the primary surplus over an infinite horizon can be estimated. For most advanced countries the most substantial change expected is that due to population aging. Whereas this used to be a relatively abstract concern about a decade ago, signs of aging are now perceptible in several countries, adding renewed urgency to the need to address its likely impact on fiscal health. The EC has done substantial work on this in coordination with member countries, and as a result, estimates are available for all member countries on the likely impact of aging on public expenditure and taxation (EC 2009a and EC 2009b) . On that basis the sustainability gap in stock terms (which is the total intertemporal debt in present value terms) is then given by:
And the sustainability gap in flow terms-hereafter simply called the sustainability gapwhich is defined as the constant change to the primary balance in percent of GDP such that the sustainability gap in stock terms is zero is thus derived as:
As an operational matter, in using equation (5) to calculate the sustainability gap one has to also take into account the fact that in most years the output gap is not zero, so that the passive path for the primary balance over the medium term is influenced also by the closing of the output gap. For example, if-as is currently the case for most industrial countries-the output gap is negative, then even without measures one would expect the primary surplus to improve as the output gap closes, with the amount of improvement dependent on the sensitivity of the primary surplus to the output gap. We model this explicitly, using the following commonly used equation for estimating the structural primary balance:
Where , t  * t p and  represent the output gap in percent of GDP in period , t the structural primary balance in percent of GDP in period , t and the elasticity of the primary balance with respect to the output gap, respectively. Substituting equation (6) into equation (5), we obtain:
And we can then write:
where
Equations (8)- (9) thus separate the calculation of the sustainability gap into a part that captures structural changes in the fiscal stance and a part that captures the impact of the cycle.
Another issue that arises operationally is how to calculate the infinite sum in the formula.
Here, a common assumption used is that at some point in the distant future a steady state is achieved, beyond which the primary balance in percent of GDP stays constant. This then means that the sum of terms from the point the steady state is achieved to infinity becomes that of a geometric progression with a finite sum, and so we can calculate the sustainability gap over an infinite horizon. Of these countries, Italy has by far the smallest sustainability gap at 2½ percent of GDP, while on the other hand Ireland has the largest sustainability gap at 12¼ percent of GDP.
A look at the various indicators that go into the calculation of the sustainability gap reveals that if used alone they would each have given sharply different rankings of fiscal health. Thus, for example, on the basis of the public debt burden Italy is in the worst shape fiscally, yet it has the smallest sustainability gap because it is already running a structural primary surplus, and pension expenditures are actually expected to decline over the long run as the result of deep pension reforms enacted, keeping the overall impact of aging low. The U.K. has relatively moderate debt by advanced European country standards, but has a very large sustainability gap because of its very large structural primary deficit. Ireland overall, however, is consistently ranked at or near the bottom by all the indicators, with high debt, large structural primary deficits, and a substantial impact of aging expected on public expenditure.
Similarly, France and Germany have comparable levels of public debt, and their sustainability gaps are also similar, because although France has a much weaker structural primary balance than that of Germany, it also has lower expected impact of aging. The Netherlands has comparatively low debt, but its weak structural primary balance and the large expected impact of aging on public expenditure (which is most notable for old age care) yields one of the largest sustainability gaps. This then demonstrates that the most satisfactory way to compare fiscal health across countries is by use of sustainability gaps, which allow for the appropriate integration of all the relevant indicators in a coherent fashion.
It should be understood that long run projections, by their very nature, are prone to wide error margins. Indeed, for each country EC 2009a provides several alternative scenarios concerning the impact of aging on pensions, health, old age care education, and unemployment benefits which demonstrate this point. Therefore our estimates could be thought of as a baseline with a significant margin of error. Even the underlying population projections themselves are also prone to wide error margins. For example, in the case of Netherlands the demographic projections of Statistics Netherlands yield a significantly more favorable profile for the buildup of aging pressures than those used by the EC, with aging pressures peaking around 2040 and then declining thereafter, and it is estimated that this shaves off about one percent of GDP from the estimate of the sustainability gap. 3 In all countries, substantial and sustained efforts will be required in order to achieve fiscal sustainability. This however will come at some cost, as fiscal tightening is well known to dampen economic activity. For example, recent research by the IMF (WEO, October 2010) reveals that there is very little evidence in the data to support the hypothesis of expansionary fiscal contractions, and that the fiscal multiplier for advanced European countries is around 0.5. Moreover, Christiano, Eichenbaum, and Rebelo (2010) suggest that the fiscal multiplier could be even higher under certain conditions such as interest rates at the zero lower bound.
In most cases, 2011 has been identified as the opportune time to commence the process of fiscal tightening, following the substantial fiscal stimulus packages implemented to stem further economic deterioration during the global crisis. However, different countries have announced different consolidation paths reflecting different country circumstances and preferences, and there is still a considerable debate in several countries as to the appropriate pace for fiscal consolidation, with the concern often voiced that overly rapid consolidation would undermine the nascent global recovery.
III. MODELING THE FISCAL CONSOLIDATION PATH
This paper contributes to this debate by constructing a model of the most advantageous pace of fiscal consolidation as follows: the authorities are assumed to care about both the sustainability and output gaps, and to prefer that both be zero. However, these objectives are conflicting, in that action to close the sustainability gap (fiscal tightening) dampens domestic demand and opens up a negative output gap, while on the other hand, action to close the output gap (fiscal loosening) increases the sustainability gap. 4 The pace of consolidation will therefore reflect the balancing of the government's twin objectives of reducing both the output and the fiscal sustainability gaps.
If we adjust the sustainability gap in equation (7) to take account of discretionary fiscal measures taken in time , t in addition to the "passive" evolution of the primary surplus, this yields: 
where t f represents discretionary fiscal measures (in percent of GDP) taken in period . t
Since discretionary measures taken in time t are expected to uniformly change the path for the primary balance over the entire horizon, the last expression in equation (10) is the sum of a geometric progression with a finite sum, and we can therefore express equation (10) as:
The output gap is assumed to evolve according to the following equation:
Where  and  represent an autoregressive parameter on the output gap which determines how long it would take for the output gap to be eliminated absent fiscal action, and the fiscal multiplier. Thus,  reflects the impact of all non-fiscal factors that have an impact on the output gap, including spillovers from developments in the external environment, endogenous responses of monetary authorities to the state of the economy, confidence effects, and other factors that promote the self-repair of the economy. 5 Following any shock that produces a non-zero output gap, the output gap is assumed to close at a pace governed by  unless fiscal policy changes delay or accelerate this process, with the impact of fiscal policy governed by the size of the fiscal multiplier.
Substituting equation (12) into equation (11), and bearing in mind that in calculating the sustainability gap in period t the only discretionary fiscal measures that are included are those that are implemented in period , t we have:
And some algebraic manipulations reveal that the sustainability gap evolves as follows:
We can simplify equation (14) further by noting that for plausible values of the parameters the coefficients of the second and third expressions are closely approximated by zero and -1, respectively, and doing so yields:
Equation (15) reveals that in the normal case where the discount rate exceeds the GDP growth rate, delaying actions to ensure sustainability is costly. The magnitude of the sustainability gap increases over time absent discretionary measures to close it, since the discount rate (which governs the pace of debt accumulation) exceeds the GDP growth rate (which governs the burden of debt relative to GDP). Moreover, the larger the gap between the discount rate and the GDP growth rate, the higher is cost of delaying adjustment. This then suggests that for countries in monetary union, where the discount rate can be expected to be similar across countries, slower growing countries have less room for maneuver in addressing fiscal sustainability issues than the faster growing countries.
Discretionary fiscal measures are assumed to have no effect on potential growth. In effect, discretionary measures only affect GDP growth temporarily, with corresponding changes to the output gap. The constant growth rate assumed in the derivation of the sustainability gap is best interpreted as the average of the annual growth rates that obtain over the infinite horizon. With the underlying potential growth path unchanged, temporary deviations of annual growth rates have a negligible impact on the average calculated over the infinite horizon. Moreover, since the output gap closes, temporarily low growth rates must be offset by temporarily higher growth rates, and vice versa. Therefore, notwithstanding some variation in growth rates, equation (15) would still give a close approximation to the evolution of the sustainability gap.
Thus, over an infinite horizon, the authorities' problem can be characterized as choosing a path for the fiscal stance that minimizes the following quadratic objective function.
Where ,  ,  and  represent the weight placed by the authorities on closing the output gap, the weight placed by the authorities on closing the sustainability gap, and the authorities' rate of time preference, respectively, with ).
The quadratic objective function is intended to capture the fact that the authorities' "distress" increases in non-linear fashion as output or sustainability gaps increase. Thus, for example, as the (positive) sustainability gap rises problems related to investor confidence and market access to fiscal financing begin to escalate in non-linear fashion. On the other hand, an increasingly negative sustainability gap would also likely raise political headaches in nonlinear fashion as the population is unlikely to accept unwarranted fiscal tightening. Rising negative output gaps also typically bring political and social headaches in non-linear fashion, while rising positive output gaps also tend to raise problems related to overheating and bubbles in non-linear fashion. Positive and negative output and sustainability gaps are treated symmetrically for analytical tractability.
The authorities' problem is to choose t f to minimize the objective function (16) subject to equations (12) and (15). The first order condition for this optimization problem is given by:
where 0  A and . 0  B Substituting equation (18) into equation (17) and bearing in mind that the first order condition equals zero we are able (after some tedious algebraic manipulations) to derive two polynomial equations in A and B. Solving these simultaneously yields:
7 Strictly speaking, there are three solutions found, but only one where both A and B are positive.
Thus, the chosen path for fiscal consolidation depends on the starting values for the output and sustainability gaps, the fiscal multiplier, the speed of correction of output gaps via nonfiscal means, the discount and GDP growth rates, and the authorities' preferences.
A. Calibration
Determining the adjustment path for each country requires a calibration exercise to provide estimates of the parameters in the policy function. The discount rate is taken from the EC Sustainability Report 2009, and is set at 5 percent for all countries. The GDP growth rate is calculated as the geometric average of annual growth rates, with IMF staff projections up to 2015 augmented by estimates from the EC Sustainability Report 2009 for later years.  is calibrated to equal 0.5, implying that absent fiscal measures and all other things equal an output gap of 2 percent of GDP is eliminated after six years via spillovers, confidence effects, monetary policy reactions, and self-repair. The October 2010 WEO estimates a fiscal multiplier of 0.5 for advanced European countries, and that is what we use as the value for .  Given these estimates, the parameters governing the authorities' preferences are pinned down by "revealed preference." We renormalize the policy function, without loss of generality, by assuming that closing the sustainability gap, and in fact only in the case of Italy do we see  even approaching the neighborhood of 0.5. The ordering of preferences is somewhat surprising at first glance, with Germany-with a reputation for sound fiscal policy-having the highest value for ,  and Italy (with very high debt) the most hawkish. However, given the scale of Italy's debt and the associated risks to macroeconomic stability inherent in it, it is perhaps not a surprise that Italy be more sensitive to fiscal sustainability issues.
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IV. APPLICATION OF THE MODEL TO COUNTRIES
In general, the predicted consolidation path includes some front-loading of adjustment, but also envisages that full elimination of the sustainability gap takes place over a long horizon. Quadratic preferences mean that the pressure to act to reduce any of the two gaps under consideration increases in nonlinear fashion with the size of that gap. Thus, if the sustainability gap is large enough relative to the output gap, the appropriate immediate fiscal tightening would be one that trades a substantial reduction in the sustainability gap for some increase in the output gap. Therefore (subject to the weights in the authorities' preferences) the larger the sustainability gap, the more the front-loading of adjustment. Also, country authorities have a very long horizon over which to consider and implement adjustment, and under quadratic preferences they would tend to select a path in which both the output and sustainability gaps trend toward zero, taking proper advantage of the non-fiscal factors that help close the output gap over time. This then pushes back the timing for full sustainability to be achieved. One caveat is that for Italy measures have been announced for only 2011-12, with the structural primary balance remaining flat thereafter in the projection, so the comparison of optimal and announced paths is only valid for those two years. Similarly, for Ireland measures have not been fleshed out for 2015. In general, the predicted and announced paths are broadly consistent, which offers a degree of comfort that the model and calibrated parameters give a reasonable approximation of the real world. Deviations are modest, though for Netherlands there is a tendency for the announced consolidation to decline a bit faster than would be envisaged under the predicted path, while, on the other hand, for the U.K. there is a tendency for the announced consolidation path to be a bit more ambitious than would be envisaged under the predicted path. These deviations could reflect variations in the values of  and the fiscal multiplier underpinning the decisions of different country authorities. For the Netherlands, the differences between predicted and announced path could reflect either a higher value of  than the 0.5 used in our exerciseindicating a view that output gaps tend to be somewhat more persistent than our calibration suggests-or a concern that the fiscal multiplier may be larger than our calibrated value of 0.5. The opposite effect is observed for the U.K., and could indicate a view that the persistence of output gaps is somewhat less than what we have calibrated, since 0.5 is roughly the fiscal multiplier used in the UK budget. For the other countries there does not appear to be any systematic deviation between the predicted and announced paths, albeit that we only have two observations to compare for Italy. Figure 3 presents the evolution of fiscal consolidation paths and the associated output gaps over 2011-60. As indicated above, in all cases there is front loading of adjustment, and also output gaps close smoothly over time, regardless of the starting point, which is to be expected given the authorities' preferences that are heavily weighted towards closing output rather than sustainability gaps.
Our model allows us to project how long it will take for the different countries to achieve fiscal sustainability, given the initial values for output and sustainability gaps, authorities' preferences, and the calibrated values of the other parameters of the model. Figure 4 presents those results, as well as the additional effort (above that indicated by the sustainability gap) required to achieve sustainability because of the delay in closing the sustainability gap. In general, as one would expect, the time period to eliminate the sustainability gap depends positively on the size of the sustainability gap, and negatively on the authorities' fiscal hawkishness. Thus, while Ireland has the highest sustainability gap it is projected to achieve sustainability after about 20 years, well ahead of Netherlands which comes to this point more than a decade later. The U.K. achieves sustainability slightly later than Ireland. And while Germany has a relatively modest sustainability gap, as a result of its preferences it achieves sustainability after a prolonged period-at about the same time as Netherlands. Italy and France are projected to have the shortest periods to achieve sustainability.
In general, Figure 4 indicates that the additional fiscal effort required due to the delay in achieving sustainability is quite moderate, particularly for the more hawkish countries, ranging from 0.1 percent of GDP for Italy to one percent of GDP for Netherlands. It is less than ½ percent of GDP for all countries but Germany (¾ percent of GDP) and Netherlands. These relatively modest costs of delay however also reflect the fact that the pace of consolidation is sufficiently aggressive to keep the sustainability gap on a strong declining path throughout. The cost of delay would be substantially higher if the delay were one where there is no adjustment effort at all for a number of years, followed by an attempt to catch up. Finally, in view of ongoing discussions regarding the concern that the size of fiscal adjustment currently envisaged by some European authorities may be too large and could potentially undermine economic recovery, we do a sensitivity test to see how the predicted path might change if the fiscal multiplier turned out to be significantly larger than currently estimated. Indeed, the October 2010 WEO alludes to this by warning that with several European countries tightening fiscal policy simultaneously, spillover effects might significantly increase the size of the fiscal multiplier, increasing the negative impact on growth. The contrast between predicted and announced policy is stark in this case, particularly bearing in mind that when the fiscal multiplier in 0.5 the predicted and announced consolidation for 2011 are the same for each country. In all countries, the predicted adjustment for 2011 in particular is much smaller than currently envisaged, and for Germany a further fiscal loosening is actually indicated as the predicted policy.
This reflects the authorities' aversion to large output gaps, as evidenced by their preferences, as well as the fact that the larger fiscal multiplier affects the entire path of the output gap, with the size of this effect on the output gap largely determined by the size of the sustainability gap (which determines the scale of fiscal consolidation measures to be taken over time). Differentiating equations (18)- (20) with respect to the fiscal multiplier confirms that for the values of  observed in our country examples, raising the fiscal multiplier does indeed reduce the predicted amount of fiscal tightening in any given year. And the magnitude of this negative semi-elasticity depends heavily on the relative size of the initial sustainability gap in comparison with the initial output gap. Given the substantial response to the relatively modest increase in the fiscal multiplier used in this sensitivity exercise, it would appear that the concern about the size of adjustment in 2011 is warranted. Figure 5 presents the associated primary and overall fiscal balances and public debt path given the consolidation paths in Figure 4 . For all countries, there is strong initial improvement in the primary balance, which however is later partially offset as aging pressures kick in, leading to a gradual but sustained reduction in the primary balance. Interestingly, for Italy the primary balance starts to improve again after 2040 as the impact of pension reforms begins to bite strongly with the passing away of pensioners whose benefits were grandfathered during the reforms. This path, however, with the impact of pension reform back-loaded, has the consequence that Italian public debt does not decline much over 2011-60. Indeed as of 2060 Italian public debt is projected to be still well above 100 percent of GDP (but beyond that time horizon debt goes on a sustained declining trend as the benefits of the pension reform kick in). For other countries a sustained fall in public debt is projected over 2011-60, and in the case of Ireland debt even turns significantly negative, allowing for even a small primary deficit by 2060. For Ireland, however, given well known concerns with rising government bond yields, perhaps the ambitious path chosen also reflects a concern that the discount rate may prove higher than the 5 percent used in our calibration, and debt in that case would not decline as far as we have projected. 
V. CONCLUDING REMARKS
This paper presents a tractable inter-temporal model that helps us examine in detail issues related to country preferences and the pace of fiscal consolidation. The calibrated model is shown to give a reasonable approximation to announced fiscal tightening plans in a number of European countries, and the model provides useful insights into some of the key questions on the minds of policy makers as fiscal consolidation begins in earnest in many advanced countries.
In general, front-loading of adjustment is predicted by the model, but it is also the case that fully closing the sustainability gap takes place over a long horizon, with the focus appearing to be on making continuous progress in reducing the sustainability gap rather than on closing it in a limited time period. In all cases, authorities' preferences are heavily tilted in favor of closing output gaps rather than closing sustainability gaps, which also helps prolong the timing for elimination of sustainability gaps. The model also predicts that under current preferences, even modest increases in the fiscal multiplier would render current plans much too ambitious for the tastes of country authorities, and hence suggests that some reservations about the ambitious consolidation plans announced in a number of countries, particularly for 2011, may be warranted.
Of course, as with any long run projections, caveats apply, particularly with regard to the estimates of the sustainability gaps, which have wide error margins-and ironically this also argues for an approach based on a sustained credible reduction of the sustainability gap over a relatively long horizon, which allows for more clarity on the actual evolution of aging pressures, etc., over time.
